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Abstract-The purpose of this paper is to present a general theory for analysis of the effect of initial
geometrical imperfections on vibration frequencies of undamped. conservatively loaded. linear
elastic beam and shdl structures. The theory will be restricted to single mode vibrations with
imperfections in the same shape as the vibration modes. The mathematical tool is a perturbational
procedure developed with the aid of the principle of virtual work. The approach is illustrated by
applications to beams. plates and axisymmetric shell structures. The examples show that the
vibration frequency of these structures may be significantly raised or lowered due to imperfl'Clions.
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Cllelflcienl for imperfection sensitivity of nonsymmetric structures [eqns (29). (3()1
coetlicienls li,r impcrfection sensitivity of symmelric structures [eqns (35), 06Jl
Clletlicient for vihration mode (eqns (29). (5)1
lengl h of bea m
t1exural slifrness of plale [eqn (63)1
Young's modulus
lhickness of plate or conical shell
hcnding moment and axial force in heam (functions of location)
hcnding moments in plate (funclions of 10c;llion)
in-plane slresses in plate (functions of location)
applied stress at plale
circumferential wave numher for conical shell vihration mode
'l.xialload at conical shell
equivalent foree in bc;lInor plate
smaller end radius of conic;l1 shell (Fig. 6)
r;ldius of gyration for beam
larger end radius of conical shell (Fig. 6)
time coordinah:
generalized dispbcements (vector function of location)
displacements (functions of location)
forced displacement of hcam end (Fig. 2)
Cartesian coordinate system
nonlinearity coellicient (eqn (7'1)1
semi vertex angle for conical shell (Fig. 6)
generalized strains (vector function of location)
a.xial strain and curvature for beam (functions of location)
in-plane strains for plate (functions of location)
bending curvatures for plate (functions of location)
load factors [eqn (7'1)1
mass density and Poisson's ratio
mode amplitude parameters
generalized stresses (vector function of location)
vibration frequency of imperfect and perfect structure
non-dimensional vibration frequency (eljns (56), (79)1

stress strain operator (eqns «(i). (7)1
strain-"<Ieformalion operators [eqns (3) (5»)
mass-deform;llion operator [eqn (2))
linear varialional operator
Airy's stress function (eqn (M)I
differential operators [eqn (M)]
differentiation with respect to a
double differentiation with respl'Ct to time
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response of the perl,:ct structure
initial imperfectIOn
perturbation terms for the steady state
perturbation terms for the vibrating state
common vibratwn and mode shape; [eqn ({ CJIl
two different states.

I. INTRODUCTION

In the present paper a theory for small vibrations of conservatively loaded imperfect
structures is developed using the methodology which has been applied to initial postbuckling
analysis by Budiansky (1966) and Fitch (1968) among others.

The initial postbuckling theory developed by Koiter (1967) and rederived by Budiansky
(1966) and Fitch (1968) using a virtual work approach is concerned with the effect of small
initial imperfections on the load-carrying capacity of structures. This postbuckling theory
has been used to investigate buckling. but is also capable of treating vibrations of structures
under static loads. Rehfield (1973) has treated large amplitude vibrations ofclastic structures
using a theory. which is analogous to the postbuckling theory, using Hamilton's principle.
However, statil.: external loading and initial imperfections are not taken into al.:counL The
influence ofimperfixtions on the nonlinear vibrations of beams and plates has recently been
investigated theoretically by Elishakolf ('[ al. (1985), Hui and Leissa (1983). Hui (1984a)
and !lanka and Dickinson (1987a), respectively. Vibrations of imperfect plates have also
been investigated experimentally by [lanko and Dickinson (1987b). Furthermore, Liu and
Arbocz (1986a,b) have carried out a comprehensive study of the influence of initial geo
metric imperli.:ctions on the non-linear vibration behaviour of undamped and damped
circular cylindrical shells, and Elishakoff {'I (//. (I ()87) and Hui (1984b) have been inves
tigating vibrations of imperfect cylindrical pands.

The present analysis deals with the influence of an initial geometric,1l imperfection on
the vibration frequency or a structure, at a given conservative load. The imperfection is
assumed to be of the sallle shape as the vibration mode, as this is expected to represent the
most interesting case. The amplitude of the imperfection is inc/uded in the theory such that
also the imperfeetioll sensitivity of the unloaded structure C,IO bc investigated. The notation
used in the pn.:sent analysis is similar to the notation used by Budiansky (1966), Fitch
(1968) and Rehficld (1973). Detailed information on the interpretation of the notation in
Case of a.xisymmetric shells can be found in Fitch (1968) and in Pedersen and Jensen (1976).

Two analytical exampks. a beam and a rectangular plate, arc used to illustrate the
theory. The results from the present approach are in accordance with previously published
results by Elishakotr e( a/. (1985) and Hui and Leissa (1983). A numerical example
concerning a truncated conical shdl is used to demonstrate the application of computer
based imperfection sensitivity analysis.

2. GOVERNING EQUATIONS

In order to account for inertia forces, the equation of equilibrium may be formulated
as:

M(ii)'Ju+O',(je =:::q'Ju. (I)

Here u. e, 0' and q denote generalized displacements, strains, stresses and static loads.
respectively. The symbols can be thought of as denoting vector functions. The internal
virtual work of the stress 0' through a strain variation Cit: integrated over the entire structure
is denoted by 0" ()e. In the same way the external virtual work of the load q. and the
virtual work of the d'Alembert forces - AI(ii). through a kinematic admissible displacement
variation Ju is denoted by - M(ii)' Ju and q' ()u. respectively. The overdot denotes differ
entiation with respect to time and the generalized mass operator M is assumed linear in ii.
Equation (1) will here be employed for a "frozen-in-time picture" of the structure at the
instant when the amplitude of the vibration attains its maximum. The mass operator is
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assumed to have the property that

for any kinematic admissible value of Uh and Uu'

For a perfect structure the strain may be written as

where L I and L 2 are linear and quadratic functionals. respectively.
For a structure with an initial geometric imperfection uthe strain becomes
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(2)

(3)

where the bilinear functional L II is defined by

The linear stress-strain relation

(J = H(Il).

is assumed to have the property that

(5)

(6)

(7)

2.1. Vihratiof/lif/a{ysis
Let us now study the ctfects of initial imperfections and a conservative external loading

on the vibration behaviour of slender structures. We will use uto describe the deformations
of a perfect structure at a given load. It is well known that imperfections can initiate
deformation in a buckling mode. even if the load is well below the critical load for bifurcation
buckling. Provided that the structure has a small geometrical imperfection with the mode
shape U II and the amplitude ~. the deformations will consist of a small static part with the
mode shape U h and the amplitude e. in addition to u. For larger imperfections the deflection
in the buckling mode is known to be nonlinear. For this reason a perturbational expansion
of the buckling deflections will be employed. Under free vibrations the deformations of a
perfect structure will furthermore include a part that varies harmonically in time with the
mode shape U I". the amplitude ,,' and the circular frequency w. For the imperfect structure
the vibrution mode will depend on the imperfection. In the following we will restrict the
analysis to small vibration amplitudes. Higher order terms of ',. and terms. which vary with
frequencies that are multiples of w. are therefore neglected.

The initial geometric imperfections is taken as a combination of components Ul... U2.<.

U h ••.. of the nonlinear deformations in the steady state:

(8)

Then the perturbational expansion of the deformations can be written in the form

(9)

where the nondimensional mode amplitude parameter e, is the sum of the amplitude e. of
the deformation in the mode U is and the imperfection amplitude parameter~.

(10)
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The deformations are measured relative to the imperfect structure. The perturbational
expansion of the deformations are chosen so that the sum of the deformations and the:
imperfection is an exponential expansion in the mode amplitude parameter ~,. We shall
later set' that this expansion is consistent. since using eqns (3) and (6) the pt:rturbational
expansions of tbe strains and the stresses are found to have the same form as (9).

The quantities lie,. "e,' U
"

and u". can be interpreted as corrections to "i.; and "I,' for
finite values of ~, and! in order to comply with boundary conditions etc. Thereby, the
effect of the amplitude! of the imperfections on the total detlection u is described only
through the static buckling amplitude parameter ~, and as seen later. also the frequency (.').
In order to make the expansions unique. the displacement components U:,• U t , ••.• are
orthogonalized with respect to U It and the displacement increments "el' II 1, .... are ortho
gonalized with respect to u"

(II)

without loss of generality.
Using eqn (4) the perturbational expansions of strains and stresses of thc structun:

becomc

l: :::::: r. + {~,-~)f,h + (~/ -~'~)r.e, + (~/ - ~')r.h + ... +~, cos wt[r. II· + ~,I::, +~,Cr.", +"'J

(J := a- + (~, -~')(JI' + (~,:- t)n:, +(~i - ~\)ft I, +.. ,. + ~, cos (I)t[ft l ,. + ~,n:I' + ~,:(J I,. + ...J

(12)

where

f. =: I,,(u)+ !Le(ii)

I: I, := 1'1 (u I,) + L I I (u. II I ,)

e2,:::::: LdIl2J+L11(U,U:,)+~L"(uIJ

1:,,:::::: L,(u")+Lrdu,,,ucJ+LII(u,t1h)

&1, = Ldur,)+Lrl(u,u".)

1::, :::::: LI(Uc,)+l.jl(U.U2r)+l.ll(Ul"t1I»

1:". :::::: I. I (u II') + L I I (u I" II c,) + I. , I (u :,.. III,) + I. I If ii, Ul,.),

From eqn (6) the stresses of the structure are found as

a- :::::: I/(f.); (1,. = f/(e,S> and n" = f/(SII) i = I, 2. 3, ....

(13)

(I·n

It is from these equations that we can see that the initial geometric imperfection (8) together
with the perturbational e,'(pansion of the deformations (9) fits with the perturbational
expansion of the strains and the stresses (12).

Using egns (4) and (9). the strain variation & associated with a small displacement
increment ()U of u becomes

&: :::::: 1.1(,5u) + I. I I(U. (iu) + I.! I (li. (5u) + (~i - ~)L!l (u 1<.<5u)

+ (~,:: - )LII(u :,. ,iu) + (~,'_ e)1. II (u)" ,iu) +. ,
+ ~I cos (/)([L I r(u II" (ju) + ~,LII(II~,.. ,iu) + ¢,:: L II (11'1" ,iu) + . "J

= ,jr.+ ~,LI du j,. ou) + ~,2 LII(u:.- ,}u) +~,'1. 11 (11", (ill) + ...

+~, cos (I)([L, I (u If. ,iu) + ~,L I I (u :,, ,iu) +~,:L I I (Uk. (iu) + . , 'J (15)
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(16)

Inserting eqns (12) and (15) in the equation of equilibrium (I) the following two equations
are derived. For the steady state part we get

a' 6£+ ,;,a' L Idu \,. 6u) + (~, - ~)O' \" 15£ + ea' L II (ub.Ju) + (~,- ~)~,O' I,' L II (u I,. Ju)

+ (~,~ - t)O'!.,· <5£+ ea' L II (u". <5u) + (~I- e)eO' I.' L II (u!,. <5u)

+(~I!-t)¢,O'!S' L'I(U h • Ju)+ (¢; -~)O'l" <5£+ .,. = q '6u (17)

and for the vibrating state part with the common multiplier ~,. cos wt we get

-w! M(u Ir)' 15u +a' L II (u Ie. 6u) +0' I,.. <5£- ~IW! M(U2") . 15u + ~,a' L II (U2'" <5u)

+(~, -~)O'I" LII(ul<' <5u) +¢'O'ir' LII(UI.. Ju) +~10'21' '<5£_~,2w2M(u),,) '15u

+ ~,:a' LII (u l,. Ju) + (¢, - ~)';'O'I<' L II (U2'" Ju) + eO'I,' ' L II (U2.•. 15u)

+ (';,2 _ ~:)O':..' L Idu I... (5u) + .;,20'21' L II (Ul<. 15u) + ';,20'),. •15£+ ... = O. ( 18)

It is expected that the sensitivity of the vibration frequency to an imperfection in the
vibration mode represents the most important case. Therefore. we restrict the analysis to
the following case:

Uh = UI,. = u l ( 19)

when: uI is the common mode shape. It is noted that eqn (19) only restricts the first-order
part u I.. of the imperfcction form.

Equations (16)-(19) yield with (5u = UI the following two equations in w and ~I

~,[a' L 2(u rl + 0' I • I: rl- ~O' I . C I+ ';,2 [a . L II (u:." ud +0' I . L 2(u d + 0'2.• . £r!

- .;,~O' I . L 2(u I) - to'2.. £1 + ~i' [a' L II(u I" Ud + 0' I . L II(u b. UI) + 0' 2, . L 2(u I) + 0'), . £r!

- ~eO'I ' L II (u 2" UI) - e2~10'2" L 2(u r> - e)O'l.· £1 + ... = 0 (20)

and

[-w~M(url' u I+a' L 2(u I) +0'1 'er! +';,[a· L II (U2,,, ud + 20'1' L 2(ud +0'21' '£r!

- ~O'I . L 2(ud +.;,2[a· L II (u".. ud +0'1' L II (U2," UI) +0'1' L II (Uh. UI)+O'b' L2(u l )

+0'2," L2(ud+0'1,. 'cr!-~~/O'I'L II (U2,,, UI)-t0'2" L 2(ul)+'" = 0 (21)

where

(22)

For the perfect structure in the prebuckling state. eqn (17) reduces to the governing
equation

(23)

A variational formulation of the vibrating state of the perfect structure in the prebuckling
state is obtained from eqn (18)

(24)
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where W p denotes the vibration frequency of the perfect structure associated with the mode
U 1•

Keeping (II) in mind. and letting bu be equal to U1• U::,. Uc," UJ" UJ,•... eqn (24) is
used to simplify eqns (20) and (21) for the static and the vibrating states. which then can
be written as :

static state.

~IW}M(u I) • UI - ~111 •£ I + ~ ~,cl1l . L c(u 1) - ~,~111 • L c(u tl- t l1 c, . £I

+ ~t'[2111 • L II (u~,. Utl + 11::, • Lc(u d]- ~~,cl1l • L II (u::,. Ud- ~c~,l1c• . Lc(u I)

-~JI1J,'£I+"'=O; (25)

vibrating state.

(W; - WC)M(u d' UI + 3~1111 • Lc(u I) - ~111 • L ~(u I) + ~,C[2111 • L I I (U CI" UI)

+ 211 1 • LidUc" Utl + 11 ~., • Lc(u d + I1 cr . L c(u I)]- ~~1111 • L I I (u cr ' UI)

-~~l1c,·L2(UI)+···=O. (26)

These equations arc used to derive simple expressions for the imperfection sensitivity of the
vibration frequencies for nonsymmetric and symmetric structures. A perfect structure will
here be denoted symmetric if the response of the structure is independent of the sign of the
deformations.

2.2. Not/symmetric structurt's
Equations (25) and (26) includes an infinite number of terms. To study the effects of

imperfections on the vibration frequency only the terms with the lowest deflection order
will be considered. We neglect the second and higher order dd"orm'ltions. i.e.

U/' = O. i = 2.3.....

Using eqns (7) and (13), the following approximation then becomes valid

(27)

(28)

The vibration frequency of the imperfect structure is found in four steps. First the non
buckled state of equilibrium of the perfect structure Ii is determined from (23). Then the
vibration mode UI and frequency wp are found from (24). The influence of small imper
fections on the static mode amplitude parameter ~I is then determined from eqn (25), which
will be rewritten as

(29)

where

c = 11 1'£I/M(u1)'U 1

(/1 =111'L2(UI)/M(UI)'UI'

Finally, the vibration frequency of the imperfect structure is found from eqn (26),
rewritten as

(30)
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Note that U2.r and UZr are not needed in this lowest order approximation. Naturally, higher
order approximations can also be applied. The investigation of vibrations of unloaded
imperfect cylindrical panels by Hui (1984b) represents such a higher order analysis.

2.3. Symmetric structures
For symmetric structures such as straight beams, flat plates and axisymmetric shells

in nonbreathing modes. the nonbuckled state of equilibrium of the perfect structure ii is
also determined from (23). The vibration mode u\ and frequency wp are then found from
(24). The influence of small geometrical imperfections on the vibration frequency cannot
be estimated using eqns (29) and (30) since the coefficient a \ is zero. In the next
approximation, where second order effects of imperfections are taken into account. U2.r and
U2,' are needed. We neglect the third and higher order deformations

Ui.J = 0, i = 3,4, ....

Using eqns (7) and (13). the following approximation then becomes valid

(31)

(32)

Since a change of sign of the amplitudes should not have any consequence in (17) and (18)
when Ii = 0, the symmetry results in the following equations for U2.r and U2,'

(33)

and

where Ju is any kinematic admissible deflection field.
With eqns (31) and (32), cqns (25) and (26) reduce to

(35)

and

(36)

where

c = a, '£,/M(u,)' U,

hi = a,'L,,(uu,u,)/M(u,)'u,

h2 =au ·L2(u,)/M(u.)·u\

h J = a, •L 1 ,(U 2v , u,)/M(u.)· U 1

h 4 =a2v'L 2(u.)/M(u.)·u •.

3. DISCUSSION

[n the present theory only one vibration mode is assumed to exist together with an
imperfection in this mode. Many structures have multiple vibration modes, and for these
structures similar equations can be derived by considering the imperfections to be linear
combinations of these modes, as shown for buckling of axially stiffened cylindrical shells
by Byskov and Hutchinson (1977).

Fitch (1968) has derived simple equations for the influence of imperfections on the
buckling load of slender structures. The present equations are concerned with the influence
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-- P...-f-et Itructure
---- Im",",.ct ,tructur.

p

I Reduction according to the theory by Fitch (1968).
2 Reduction according to the present theory.

Fig. I. Evaluatic'O of the squan:d frequency and the buckling load of an imperfect strm:turc'

of imperfections on the frequency rather than on the load. Since the present equations arc
valid during the loading of the imperfect structure, in principle buckling can also be
investigated with the present equations (see Fig. I).

It is emphasized that when evaluating the vibration frequency of an imperfect structun:
with the present equations the first and second order modes "1 and "2,' arc approximated
with the modes of the perfect structure including the inertia terms corresponding to the
vibration frequency of the perfect structure.

Elishakolf ct al. (19g7) studies the inlluence of initial geometric imperfections on
the vihration frequencies of cylindrical panels. By using the posthuckling coeflicient, sec
Budiansky (1966) and Fitch (196g), together with analytical results for a single degree-of
freedom structure, they derive simple equations for the imperfection sensitivity of different
pands. The present theory dill'ers from the approach of Elishakofl' ct al. (19g7) by including
inertia terms in the second order :tnalysis and by induding the imperfection in a way so that
also the vibration frequency of the unloaded structure can be investigated. For symmctril:
vihrations of unloaded cylindrical panels, the present analysis procedure is similar to the
procedure used by Hui (19g4b).

4. EXAMPLES

The theory will now be illustrated by application to three ditl'erent problems.
First. the vibrations of a beam, which is simply supported and loaded by a forced axial

displacement of one of the supports. arc investigated. The governing equations arc solved
analytically and the sensitivity of the fundamental vibration frequency to imperfections is
shown graphically.

Then the vibrations of a simply supported plate are investigated. The plate is loaded
in one direction and the edges are assumed to remain straight during loading and vibration.
The govaning equations arc solved analytically and the imperfection sensitivity of the
fundamental vibration frequency is shown graphically for a square plate.

Finally, the vibrations of a truncated conical shell are investigated. The edges arc
clamped and assumed to move axially during loading. The governing equations arc solved
numerically using a finite dill'erence computer program, and the sensitivity of the vibration
frequency to imperfections is derived.

4.1. Application to (/ hi!am
A simply supported straight beam of length d and uniform cross-section is loaded by

a forced axial displacement v" of one of the supports (see Fig. 2). We will use the present
approach to study the influence of an initial geometrical imperfection with shape of the
vibration mode on the fundamental vibration frequency.

Let l' and II' denote the deflections in the axial and transverse directions, respectively
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Fig. 2. A simply supported beam loaded by a forced displacement of one of the supports.

u={l';w}.

The generalized strains It arc the strain r. and the curvature" approximated by

where

L,(u) = {v.t ; w..,.t}

L 2(u) = {(w..Y; O}.

With eqn (5) we lind

37

(37)

(38)

(39)

(40)

The generalized stresses are the tension II and the bending moment m. These are found
from the elastic relation

a = {1I;m} = H(It) = {EAr.;EI,,} (41 )

where E, A, and I arc Young's modulus, cross-sectional area, and moment of inertia,
respectively.

Ignoring axial inertia the mass operator becomes

M(u) = pA {O; w},

where p is the mass density of the beam material.
The boundary conditions can be written as

(42)

1'(0, t) = w(O, t) = w(d, t) = w.tAO, t) = w.tAd, t) = 0, l'(d, t) = rJ' (43)

We will expand 1', w, nand m in the perturbational form employed in eqns (9) and (12).
Differential equations for the nonbuckled static state ii for the perfect structure are

obtained by inserting expressions (37)-(41) and eqn (16), in (23)
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(44)

and. using the Euler-Lagrange equations. the following equations are obtained

With the present boundary conditions we find

t'
( .. (x) = ~, Ii'(x) = O.

(45)

(46)

We obtain the following differential equations for the vibration mode U I and the frequency
w" of the perfect beam. again using the Euler-Lagrange equations together with eqn (24)

(47)

With the present boundary conditions the solution becomes

(rc)" , (1tx)m I (x) = - r<lEl ~I SlIlt/

(48)

The radius of gyration r" =: JI/ A is arbitrarily chosen to normalize the amplitude,
With (46) and (4g) inserted in (33) and (34) we obtain differential equations for the

second order modes U", and U"" using the Euler-Lagrange equations,

The present boundary conditions have the property that

i" i"1'".<..' dx = t'""., dx = O.
() II

Now tl:!., and tl",. can be found from (13). (14), (39)-(41). (49) and (50):

(49)

(50)

(51 )

It is emphasized that the stresses t1:!.< and tl"" are caused by the axially fixed boundary
condition.

With the generalized stresses ml, tl".,. tl~,. and the mode shape Wl known the coefficients
in (35) and (36) can be calculated. We lJf't
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c- J:m"',~d' J El(~)'Sin'('i)dX = ErNrpA(Wl)1 dx rpA sin" (1t~,) dx pA d

hI = 0rnlr(w L .)" dx
b, = -..,------. rpA(w,)z dx

39

b J = 0rnzr(Wt_.)" dx

b4 = -;;-C~----fpA(Il',)2 dx

(52)

Then the governing equations for the static mode amplitude normalized with the radius of
gyration ~t and the normalized vibration frequency w, can be written as

and

=(I P) j I =I I = £2 0'01 - , - .. +~'ol -~'ot'o = (53)

(54)

In these equations. the applied load from the forced displacement L',I is normalized with the
critical load of the perfect structure

(55)

and the frequency w is normalized with the frequency of the unloaded perfect structure

, ,pA (d)4
w; = w- El ~ . (56)

These results are in full agreement with the results obtained by a two-term Galerkin
approximation described by Elishakoff et al. (1985).

Figure 3 shows graphs of the nondimensional vibration frequency w, versus the load
ratio P, for different values of the imperfection amplitude normalized with the radius of
gyration ~. Contour lines for constant amplitude of the normalized static deflection
~. = ~,- ~ are shown too. The vibration frequency is significantly raised by the imper
fections. when the load approaches the critical value. The imperfections also raise the
vibration frequency for zero load. When the beam is in tension the effect of imperfections
becomes negligible for increasing tensile load.

4.2. Application to a rectangular plate
A simply supported rectangular plate ofsidelengths a and b and thickness his preloaded

in one direction (see Fig. 4). The supports are assumed free to move in-plane. and the edges
to remain straight.

Let u denote the displacement vector with components in the x. y and =direction
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Fig. J, Vibration fre4uency of an Imperfect beam,

The generalized strains f. arc or the rorm

where the linear part of the strains is approximated hy

Lt(u)= :U,:I'.,:~(u,+r,):I\,,:II',I,:II',,:.

and the bilinear part of the strains is approximated by

With eqn (5) we lind that

L II (u,/. u,,) = : II'"" IV"" : 11'"" II'"" : \(\1'"" II'", + II'"" lI'n,) : 0: 0: 0:.

Hooke's law is used to obtain the generalized stresses

a = :n".n""n".11/",III,\,.11I,,: == fl(e)

D= .• [12(1:" + W: ... ) : 12(1: ... + \'f.,,) : 12( I -1')1:", :
h-

Fig. 4, A simply supported rectangular plate tn-plane loaded in one direction.

(57)

(5X)

(51)

(60)

(61 )

(62)
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where v is Poisson's ratio. and D is the flexural stiffness of the plate

Eh'
D = , .

12(I-v")

Ignoring in-plane inertia. the mass operator Al is

M(u) = ph{O;O; w}.

The boundary conditions for the present problem can be written as

1\'(.\".0) = II'(x.b) = I\'(O.y) = w(a.y) = 0

41

(63)

(64)

fa iO
n'T dx = n,.. dy = 0

n 0

1'.,(x.O) = 1'.,(x.h) = 1I.,(O.y) = 1I.,(a.y) = 0 (65)

where flap is the external applied load to the edges.
Let (1) be the Airy stress function for the memhrane stresses. When inserting eqns (57)

(64) in the eqn of equilibrium (I) the von Karman plate equations can be obtained using
the divergence theorem

and

I . I 'V' (II - 11'- I\' II'Ell - .'l' - .n ......

The Airy stn.:ss function (II and the operator V\ ) arc dclined by

(66)

(67)

We will expand the deformations. the strains. and the stresses in accordance with eqns (9)
and (12).

The non buckled response uof the perfect plate subjected to the applied load is found
by inserting eqns (57)-(63) in (23) and using the divergence theorem together with the
boundary conditions. We get the well known result

ii =.' Ell'
Ii' = o. (69)

The following equation is obtained for the mode u I either by inserting (57)-(64) in (24)
and using the divergence theorem. or by setting u = u+U I cos Wpl in the von Karman
equations:

This gives with the present boundary conditions

{
. 1tX . ltv}

U I = 0; 0; II Sill -;; Sill h

and

s.u 11, I~O

(70)

(71 )



J WEDEl-HEJ:-iE'"

where the plate thickness h is arbitrarily chosen for normalizing the deflections.
The equations governing the static <1>c, and vibrating <1>CL' second order Airy stress

functions can be obtained from (33) and (34) by use of the divergence theorem

(73)

With the actual boundary conditions the solutions are

EIz~ (~ 2rrx ~ 2rry )
I}>:, = 32~~~h: a cos~-;- +h cos 7;-

EIz' (~ 2rrx ~ 2rry)
(}>'" = -----, , (I cos +h cos--· .

"16(1"h" (I h

Now the coefficients in (35) and (36) can he calculated:

(74)

c=
f"f" [11'1.,11'1 .• , +111 1".11'1.''1'+2111 1.,.11'1 . .,.1 dx tty

I) 0

f"f" plz( 11'1) C ox dl'

" "
, f"f" [( I 2v I) ,rrx" In' 2-2v ,rrx ,rrl'J

DIz-rr~ ~ + 22 +h~' sin" SII1" h' + .!hc'cos- COS" h' dxdy
011 (I (lh 1I (I 1I

f"f" rrx rrl'ph 1 sin C ~-- sin 2 _.C. oX oy
o 0 1I h

h, = 0
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Eh5rc~i"ih[-1 2rci' ,1tX, ,1ty I 21tX, ,1tX ,:n:y ] d
-- -~COS-'cos'-sm'-- 4 cos-sm'-cos'- dx y

4 (Joa b a b b a a b
=

i"ih l,,:n:X., :n:v
ph' sm' - sm' -....:- dx dy

o 0 a b
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(75)

The governing equations for static deflection (35) and vibration frequency (36) then become

and

where

, I (a~)~ 3 , ( O~) _, :'
W'=- 1+ - -P+--(I-v') 1+- (],'-,'), 4 h~ '16 h,1 • .", ." ,

,
O'

P, = 4D~i flap

Z ph (0)4 2
OJ, =4D ~ w.

(76)

(71)

(78)

The result is identical to the result found by Hui and Leissa (1983).
Figure 5 shows the nondimensional vibration frequency w, of a square plate as a

function of the uniaxially load ratio P, for different values of the imperfection amplitude

-0.5 o 0.5 1.0

Fig. 5, Vibration frequency of an imperfect square plate.
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normali/.:d with lh.: plat\: lhi.:kn.:ss t Con lour Iin.:s show lh.: corresponding arnplitud.:s 01'

th.: nonnali/ed stati.: ddkctiun ~, :;: ~I -~. Th.: dll:cl of imperkclions shows the sam;.;
In:nos as was s;.;\:n fur a h;.;am.

It is notcd lhat the ncgb:t of third and higher order terms, eqn (.II). is not valid
for large hUl:kling amplitudes. lIanko and Dil:kinson (19R7a) h;lve applied a Rayleigh Ritz
prol:edure to the present prohkm. They show that the dlcct of higher order terms becomes
important when th.: amplitw.k of the buckling mode become larger than ahout three times
the plat.: lhil:kn.:ss. Their theoretit:al results ar.: validated experimentally, sct: lIanko and
Dil:kinson (19X7b).

4.3. AppliCtJlilill Iii iI Inll/Cillcl! clillicill.I'h('1I

t\ trunl:ated conical shell. damped in both ends, is considered (see Fig. 6). The enos
can move in the axial direction during statit:' loading. The present theory will be used to
study th.: inllu.:nce of an initial geometrical imperfection with shape of a vibration mode
on the vihration fr.:quency associated with this mode. For this purpose a finite ditrer.:n.:e
comput.:r program for general analysis of axisymmetric shells with a nonlinear prebuckling
state has be.:n adjusted to cover the present theory. This computer program has been
described and applied to buckling of LNG spheres by Pedersen and Jensen (1976). In the
special case of axisymmetric loading, the numerical procedures in the computer program
are, apart from the inertia terms. identical to the procedure in the computerized buckling
and postbuckling analysis of spherit:'al caps described by Fitch (1968). In the same reference.
detailed inform;ltion on the interpretation of the tensor terms in the governing equations
and eocflicients can be found in case of axisymmetric shells.

The geometry and material properties of the shell arc the same as considered in Tani
(1974 l. The semi-vertex angle fl = 20 , the smaller end radius r = 54.1 Illlll. the larger end
radius R = 124 Illlll. and the shell thickness 11 = 0.050 mm. The mass density of the shell
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Fig. 7. Squared vihration frequencies of perfect ..nd imperfect shells .. nd the Cl'elli.:ient c.

material JI = 8310 kg m', Young's modulus E = 206 GN m ;, and the Poisson ratio
v = 0.30.

The results frolll the cakulations arc shown in Figs 7 and 8. The square of the frequency
of the perfect structure (I); is shown in Fig. 7. The mode with a circumferential wave number
fI, = 6 has the lowest vibration frequency at applied axial loads up to P = 163 kN. At this
load the lowest frequency mode changes to fI, = 9, which also becomes the buckling mode
at the load P = 166 kN. The vibration mode for P = 0, and the buckling mode arc shown
in Fig. 9. The ;tmplitude of u 1 is normalized with the shell thickness and the codlicients c,

hi' h;, h, and h 4 in (35) and (36) arc cakulated. The codlicient c is shown in I-'ig. 7. It is
noted that c represents the square vibration frequell\':y in mode u 1 for the unloaded shell.
The variation of c with the applied axial load is caused by the variation of the mode shape
U I with the load. The coetlkients h I. h;. h I and h 4 arc shown in Figure 8. All these coetlicients
vary smoothly with the load up to P = 155 kN. Above this load the coelllcients and the
lowest frequency mode shape changes rapidly with the load, and in this region the present

50 100 150

- .5

-1.0

-1.5

-2.0

-2.5

Fig. 8. The coelftcients hi. h,. h, and h, as functions of the applied load P.
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Vibralion ITIl)lk Bucklin!; mode

Fig. 9. Vibration mode for the unloaded shell and the buckling mode.

theory is not suitable for estimating the influence of the imperfection on the vibration
freg llen\:y.

Tht: codlicients c, hI' hz, hI and h4 togt:ther with tht: vihration frt:qllcm:y of the perfect
structure UJp arc insertt:d in the egns (3) and (34). From these equations arc calculated
frequencies shown in Fig. 7 for ditlcrent amplitudes of ~, the impt:rft:ction amplitude
normalized with the shell thickness It. Punctuation of thl.: curVl:S indicates that the theory
is restricted to moderate reductions in the frequency. We sec Ihat the impl.:rfeclions lowe'r
the vibration frequency significantly, and that this ellcct becomes more pronounced for
higher loads.

Fitch (llJ6X) uses the following equation to estimate the inl1uence ofan initial geometric
impl.:rfcetion with shape of the buckling mode on the buckling load ofa symmetric structure
with negative value of the postbuckling coefficient h:

(79)

In the equation, ::x, i." and )., denote the nonlinearity codlicient of the pn:buckling state.
anu the critical load of the imperfect and perfect structure, respectively. The equation is
asymptotically correl:! for small values of ~, the amplituue of the imperkction normalized
with the shell thickness.

For the present shell, the coeflicients ::x and h .Ire e.tleulated numeric.llIy using the
method described in Fitch (l96g) and in Pedersen and Jensen (1976). We find

'X = 0.57

h = -0.83. (80l

These values arc inserted in eqn (79) to obwin the results also shown in Fig. 7. We see that
also the buckling load can be seriously lowered by imperfections. A direct comparison of
the two theories is not possible, since they apply ditlcrentmode shapes for the present sheiL

It is noted that both the present theory and eqn (79) imply that the vibration frequency
or the buckling load corresponds to a unique deflection mode shape. For the present case,
several eigenfrequencies can be founu in the closeness of the lowest. Furthermore. the
nonlinear static response of the perfect structure shows limit load behavior at a load which
is a few per cent higher than the lowest bifurcation load. The validity of the results are
therefore questionable, but they are at least believed to be representative for the vibration
behaviour of imperfect shells.
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S. CONCLUSION

A theory for the analysis of the effect of initial geometric imperfections on the vibration
behaviour of undamped, conservatively loaded, linear elastic beam and shell structures is
presented. The theory is restricted to structures where the imperfections are of the same
shape as the vibration mode. Simple equations are derived for nonsymmetric and symmetric
structures.

The theory is illustrated by application to analysis ofvibrations ofa beam, a rectangular
plate. and a truncated conical shell. The results show that the vibration frequency ofa beam
or a plate may be significantly raised by geometrical imperfections. This has previously
been found also by other investigators. On the other hand, the numerical results show that
the vibration frequency for a truncated conical shell may be significantly lowered due to
geometrical imperfections.

Even though the theory is restricted to geometrical imperfections with the same shape
as the vibration mode. the results will be representative for other shapes and types of
imperfections.
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